
The Area and Volume of  a Sphere (Calculus Version)               M-15

1.  To determine the area of a spherical surface we can divide it into rings, find the area of each ring,
and then add them up.  Imagine spinning the figure above about the x-axis.  The large circle will
then trace out a sphere with radius “R”.  The short arc with width “dw” will trace out a hoop in a
plane perpendicular to the x-axis, centered on the x-axis.  The radius of that hoop is represented by
“y” in the diagram.

a. With simple trigonometry you can calculate that radius from R and θ:      y = ________
b. The circumference of the hoop can now be calculated from R and θ:      L = ________
c. The width of the hoop (“dw”) can be determined from R and dθ by using the definition of 

“radian measure”:                           dw = _______
d. The area of the hoop can now be calculated by multiplying its length by its width:  

(Express that area in terms of R,θ, and dθ.)                dA = ______

2. To determine the area of the spherical surface we must sum up the areas of all the hoops.  
(In other words, we must _______ate both sides of equation 1d.)

a.  Each hoop is characterized by its own unique θ value, ranging from θ = ____ (for the first one) 
up to θ = ____ for the last.  (Naturally, those angles should be expressed in radian measure.)

b.  Use Leibnitz notation to show how that summation is carried out.  
The result will be a formula for the area of a sphere in terms of its radius.

3. Now we can easily create a formula for the volume of a sphere.  Imagine the sphere as a set of
nested spherical shells, like layers of an onion.  Let“r” represent the radius of a typical shell and
let“dr” represent its thickness:

a.  Using those symbols, the volume of the material in one shell must be  dV = _________.
b.  To find the volume of a solid sphere we must sum up the volumes of all the shells.   In other 

words, we must _________ate both sides of equation 3a over the range from r = 0 to R.  Show how.

4. Do these results agree with the ones obtained earlier on pages M-6 and M-9?  ___
-Which method do you prefer? _____
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Integrating sin3x by “Substitution”                            M-16

This is the snag that we run into when we try to discover a formula for the rotational inertia of a sphere 
on page R-3.  The problem is solved by a simple trick called “substitution”:

1. Recall (from the pythagorean theorem) that   sin2x = 1 - cos2x.
 Therefore,   sin3x  =  (1- cos2x)( ______ ).

2.  Show what happens when we integrate both sides of equation 1:

  ∫sin3x dx = ∫( ______ )dx - ∫( ______ )( ______ )dx.

3.  One of those integrals is easy.  The other one requires us to integrate the product of the square
of a function and the derivative of that function.  That clue tells us we should try integrating by 
the method called “substitution”:  

a.  Let “U”  =  cos x.
b.  Then dU/dx  =  d(cos x)/dx = -sin x,   so dx  =  -_________.
c. Use those two results on scrap paper to replace the cosine squared and the dx in the second

integral above.  After simplifying the result we get:

∫( cos x )2 ( sin x ) dx  =  ∫(_____ ) dU

d. When expressed in terms of “U”, we find that the integration is easy to complete.  Do it here:

∫( _____ ) dU =

e. After completing the integration, we can reverse the substitution that was made in 3a.
(Replace the “U” with “cos x”.)   The result is:

∫( cos x )2 ( sin x ) dx  =  _________ + C

4.  Now we can use 3e with #2 to answer the original question:

 ∫sin3x dx  = ____________ + C

5.  On page R-3 we tried to create a formula for the rotational inertia of a thin spherical shell.

a.  We found that  I = (       ) ∫(       )3 dθ             (fill in the blanks.)

b. Show how that integration can be completed by means of a simple substitution trick 
similar to the one used above.

c. Fill in the limits of integration to make it a “definite” integral.  (See pages M-7 & M-12.)

d. Show how those limits are used to get a “definite” formula instead of one that depends on θ.

e. Eliminate the “density” symbol by using its definition.
(Replace it with something involving  M and R.)



     Integrating (A2 - x2)-1/2                                             M-17
This is the snag that we run into on page SHM-4 when we try to solve the energy conservation equation
for an object influenced by a linear restoring force.  Separating the variables is easy because it is a first-
order differential equation.  But we run into trouble when we try to integrate.  Simple substitutions,
such as letting U = A2 - x2 seem to leave us stranded.  Here are four ways to solve the problem:

1. You can use the binomial theorem to expand the integrand into an infinite series.  This method is
especially good when x is small compared to A, because then the first two terms are enough; the rest
are insignificant.  However, to get perfect precision you need an infinite number of terms.

a. Give the first three terms of the series.
b. Sketch a graph of the function.  Where is it well-defined, and where is it undefined?  

-Does it have asymptotes?  If so, include them in your sketch.
c. Show how the series can be integrated term-by-term to get a series representation of the integral.
d. Sketch a graph of that new mystery function, and describe it as well as you can.  (What slope does 

it have in the neighborhood of the origin?  What numerical value does it have at x = A/2?)

2. Another approach is “numerical” integration.  With a computer or graphing calculator you can
approximate the area that you are trying to find with a bunch of narrow strips.  Please illustrate such
a calculation with a rough sketch.  Although this method is crude, you can use it to obtain a data
table and graph of the mystery function with considerable precision.

a. You find that it is a smooth curve _________ the origin. (above, below, through)
b. Where is its value the greatest, and where is its curvature the greatest?  
c. Where is it nearly linear, and what slope does it have in that region?
d. Approximately what value does the mystery function have at x = A/2?
e. How well do these results agree with those obtained by method 1?

3. It is also possible to use our physics knowledge to solve this integration problem by the back door.
We became interested in this integral because we were trying to solve a familiar problem involving
“simple _______ motion” by a new method.  Since we already know the solution, why not work
backward from that to figure out the mystery function?

a. We got into this mess by writing the energy equation in terms of x, k, m, E and t:
b. After separating the variables and completing the integration on one side, it said this:
c. But we already know that the (k/m)1/2 that appears as a coefficient of T in this equation 

is equivalent to the angular frequency of the object’s motion, in _______s per _______. 
That constant is usually represented by the letter ____.  

d. We also know that changing the value of  E must cause the _________ of the SHM to be altered.  
That quantity is usually represented by the letter “A”.  How can “E” be calculated from A and k?

e. Do the units balance in 3d? ___   If so, use 3c and 3d to simplify equation 3b.
f.  We already know that the motion can be described with a simple equation in terms of A, ω, and t: 

Assuming that x = 0 when t = 0, we know that   x = _________.
g. To satisfy our curiosity about the mystery integral in 3b, we must solve eq. 3f for ___.  

(Then it will have the same form as eq. 3b.)  Do it on the back of this paper.

4. Now we see that the mystery integration must be related in some way to the high school course
called ___________.  That suggests that solving the mystery will require us to draw a geometric
figure known as a “right _________”.  Another clue that we should have seen is the resemblance
between our integrand and the ___________ theorem!

a. Label the upper acute angle in your figure with the familiar symbol, “θ”.  Then the radical 
in our integrand will represent the length of the vertical leg, which is ________ to that angle.  
The hypotenuse must be ____, and the horizontal leg must be x.

b. Show how the integrand can be expressed in terms of the  hypotenuse (which is constant) and θ.  
c. Suppose the angle is increased by a tiny amount, “dθ”.  Figure out how much that increases the 

length of leg “x”, which is across from that angle.  Express it in terms of the hypotenuse, θ, and dθ.   
(Remember that the hypotenuse is unchanged.)     dx = ______

d. Use the substitutions proposed in  4b & 4c to simplify the integration.


